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Abstract
By analysing the cosmological dynamical system with a dark-sector interaction which changes
sign during the cosmological evolution, we find a scaling attractor to help to alleviate the cosmic-
coincidence problem. This result shows that this interaction can bring new features to the cosmol-
ogy.
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I. INTRODUCTION
Observations of Type Ia Supernova show us that the present expansion of our universe is
being accelerated[1]. Typically the cosmological constant Λ is used to explain the accelera-
tion, but it suffers from the fine-tuning problem and the cosmic-coincidence problem[2]. To
alleviate the coincidence problem, Li and Zhang [3] suggest the idea of scaling attractors by
considering the cosmological dynamics without interaction between dark energy and dark
matter. However, recently some observational evidences have suggested the possibility of
the interaction between dark matter and dark energy.([4]-[11]).
In order to consist with the facts, it is necessary to consider the cosmological dynamics
with the interaction in the dark energy and dark matter. Motivated by the result in [12]
that the interaction between dark energy and cold dark matter is likely to change the sign
during the cosmological evolution, a new interaction between dark energy and dark matter
has been suggested by Sun and Yue [13]. This interaction is consistent with the second law
of thermodynamics and the observational constraints, in that the signs of the interaction
changes from negative to positive as the expansion of our universe changing from decelerated
to accelerated. In this paper, we consider the cosmological evolution of quintessence with
this interaction and find a scaling attractor to alleviate the cosmic-coincidence problem.
II. INTERACTING QUINTESSENCE ENERGY WITH DARK MATTER
We consider a spatially flat FRW universe containing a scalar field φ and cold dark natter.
The governing equations of motion are:
H2 ≡ ( a˙
a
)2 =
κ2
3
(ρφ + ρm), (1)
H˙ = −κ
2
2
(ρφ + pφ + ρm), (2)
κ2 ≡ 8piG (3)
where H is the Hubble parameter, a(t) is the scale factor with cosmic time. A dot denotes
the derivative with respect to the cosmic time t. We denote pressure and energy densities
of the scalar field as pφ and ρφ with an equation of state ωφ = pφ/ρφ. Likewise, pm and ρm
represent the pressure and energy densities of the dark matter with a similar equation of
state ωm = pm/ρm.
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We postulate that the dark energy and dark matter interact through the interaction term
Q = 3σH(ρφ − ρm) which we have mentioned above, so we have two conservation laws:
ρ˙m + 3Hρm = Q (4)
ρ˙φ + 3H(ρφ + pφ) = −Q (5)
The parameter σ is assumed to be positive.
Now we will consider the cosmological evolution of quintessence with this type of inter-
action. In this situation, we have:
ρd = ρφ =
1
2
φ˙2 + V (φ) (6)
pd = pφ =
1
2
φ˙2 − V (φ) (7)
V (φ) is the potential. In this work, we consider the exponential potential. The exponential
potentials allow the possible existence of scaling solutions in which the scalar field energy
density tracks that of the perfect fluid (so that at late times neither component can be
negligible) [16].
V (φ) = V0e
−λκφ (8)
We assume the dimensionless constant λ is positive since we can make it positive through
φ→ −φ if λ < 0.
III. DYNAMICAL SYSTEM OF INTERACTION QUINTESSENCE
We use the method of dynamical system to consider the cosmological evolution. Following
others researchers [14, 15], we define the following dimensionless variables:
x ≡ κφ˙√
6H
, y ≡ κ
√
V√
3H
, z ≡ κ
√
ρm√
3H
(9)
Then Eq.(1)-Eq.(7) can be written in the following autonomous form:
d x
dN
= (s− 3)x+ (
√
3
2
λy2 −Q1), (10)
d y
dN
= sy −
√
3
2
λxy, (11)
d z
dN
= (s− 3
2
)z +Q2, (12)
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where N = ln a is the number of e-foldings which is convenient to use for the dynamics of
dark energy, and
s = 3x2 +
3
2
z2 (13)
Q1 =
κQ√
6H2φ˙
=
3σ
2x
− 3σz
2
x
(14)
Q2 =
zQ
2Hρm
=
3σ(x2 + y2 − z2)
2z
(15)
and the relation:
x2 + y2 + z2 = 1
IV. SOLUTIONS
Using the definition of the fixed points ( dxc
dN
= 0, d yc
dN
= 0), we have:

(s− 3)xc + (
√
3
2
λy2c −Q1) = 0 (16a)
syc −
√
3
2
λxcyc = 0 (16b)
We can obtain the solutions of the above equations:
1. yc = 0 then:
xc = ±
√
(2σ + 1)±
√
(2σ + 1)2 − 4σ
2
(17)
2. yc 6= 0 then we have one real solution of the cubic equation:
x5 =
3
√
−q
2
+
√
(
q
2
)2 + (
p
3
)3 +
3
√
−q
2
−
√
(
q
2
)2 + (
p
3
)3 +
2
3
λ2 + 4σ + 2
6
√
2
3
λ
(18)
where
p = − (
2
3
λ2 + 4σ + 2)2
8λ2
+ σ +
1
2
(19)
q = − (
2
3
λ2 + 4σ + 2)3
144
√
2
3
λ3
+
(2
3
λ2 + 4σ + 2)(σ + 1
2
)
6
√
2
3
λ
+
σ
2
√
2
3
λ
(20)
Note that these critical points must satisfy the conditions yc ≥ 0 and zc ≥ 0 by definitions
in Eq.(9). Thus we can derive the corresponding critical value of y:
y5 =
√
x25 −
√
2
3
λx5 + 1 (21)
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All of the five solutions are presented in Table I.
TABLE I: Five solutions of the dynamical system
label xc yc zc
M1p
√
(2σ+1)+
√
(2σ+1)2−4σ
2 0
√
(1−2σ)−
√
(2σ+1)2−4σ
2
M1m
√
(2σ+1)−
√
(2σ+1)2−4σ
2 0
√
(1−2σ)+
√
(2σ+1)2−4σ
2
M2p −
√
(2σ+1)+
√
(2σ+1)2−4σ
2 0
√
(1−2σ)−
√
(2σ+1)2−4σ
2
M2m −
√
(2σ+1)−
√
(2σ+1)2−4σ
2 0
√
(1−2σ)+
√
(2σ+1)2−4σ
2
M3 x5 y5
√
1− x2 − y2
V. STABILITY ANALYSIS
Let f(x, y) = dx
dN
, g(x, y) = d y
dN
, we can obtain the matrix
M =

 ∂f∂x ∂f∂y
∂g
∂x
∂g
∂y


(x=xc,y=yc)
=

 A B
C D


The expressions of A,B,C,D are:
A =
9
2
x2c −
3
2
y2c +
3σy2c
x2
− 3σ
2x2c
− 3σ − 3
2
,
B = −3xcyc +
√
6λyc − 6σyc
xc
,
C = 3xcyc −
√
3
2
λyc,
D =
3
2
(x2c − y2c + 1)− 3y2c −
√
3
2
λxc.
The two eigenvalues ofM:
µ1,2 =
±
√
(A+D)2 − 4(AD − BC)
2
+
(A+D)
2
(22)
The stability around the fixed points depends on the nature of the eigenvalues:
1.Stable node: µ1 < 0 and µ2 < 0.
2.Unstable node: µ1 > 0 and µ2 > 0.
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3.Saddle point: µ1 < 0 and µ2 > 0 (or µ1 > 0 and µ2 < 0).
In the case of yc = 0, we can get B = C = 0. Putting this into the Eq.(22), we can derive
µ1 = A, µ2 = D . Thus we can give the eigenvalues of each solution. To make the results
more intuitive, r1 and r2 are given by:
r1 =
1
2
(2σ + 1), r2 =
1
2
√
(2σ + 1)2 − 4σ
.
A. Point(M1p)
µ1 =
9
2
(r1 + r2)− (3r1 − 3
2
)(
1
2(r1 + r2)
+ 1)− 3
2
(23)
µ2 =
3
2
(r1 + r2 + 1)− λ
√
3
2
(r1 + r2) (24)
It is unstable under the condition λ <
√
3
2
(xc +
1
xc
), and saddle under the condition λ >√
3
2
(xc +
1
xc
) (because the second eigenvalue is negative).
B. Point(M1m)
µ1 =
9
2
(r1 − r2)− (3r1 − 3
2
)(
1
2(r1 − r2) + 1)−
3
2
(25)
µ2 =
3
2
(r1 − r2 + 1)− λ
√
3
2
(r1 − r2) (26)
It is stable under the condition λ >
√
3
2
(xc +
1
xc
), and saddle under the condition λ <√
3
2
(xc +
1
xc
) (because the fist eigenvalue is negative).
C. Point(M2p)
µ1 =
9
2
(r1 + r2)− (3r1 − 3
2
)(
1
2(r1 + r2)
+ 1)− 3
2
(27)
µ2 =
3
2
(r1 + r2 + 1) + λ
√
3
2
(r1 + r2) (28)
We find that M2p is a saddle point for any λ and σ (the first eigenvalue is negative).
D. Point(M2m)
µ1 =
9
2
(r1 − r2)− (3r1 − 3
2
)(
1
2(r1 − r2) + 1)−
3
2
(29)
µ2 =
3
2
(r1 − r2 + 1) + λ
√
3
2
(r1 − r2) (30)
It is unstable for any λ and σ.
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Regarding the point (M3), which is beyond the scope of this paper, and it is the saddle
point for any λ and σ, which is not the solution we expect. The eigenvalues and stability of
the five solutions are presented in the Table II.
VI. CONCLUSION
It should be noted that Gabriela et al. [17] have studied a similar model in which the
interaction parameters is taken to be both non-positive or both non-negative. However, the
interaction parameters which we use in this paper have the opposite signs. With such an
outcome, the scope of the model was generalized.
In summary, for the case with interaction Q = 3σH(ρφ − ρm), we find that there is one
scaling attractor M1m which can help to alleviate the cosmological coincidence problem.
The interactions herein suggested may bring new results to cosmology.
TABLE II: The eigenvalues and stability of the five solutions
label µ1 µ2 Stability
M1p A D
Unstable node : λ <
√
3
2(xc +
1
xc
)
Saddle point : λ >
√
3
2(xc +
1
xc
)
M1m A D
Saddle point : λ <
√
3
2 (xc +
1
xc
)
Stable node : λ >
√
3
2 (xc +
1
xc
)
M2p A D Saddle point:any λ, σ
M2m A D Unstable node:any λ, σ
M3 A D Saddle point:any λ, σ
A = (A+D) +
√
(A+D)2 − 4(AD −BC)
2
D = (A+D)−
√
(A+D)2 − 4(AD −BC)
2
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